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Abstract 


We derive a gradient estimate for positive functions, in particular for positive solutions to the 
heat equation, on finite or locally finite graphs. Unlike the well known Li-Yau estimate, which is 
based on the maximum principle, our estimate follows from the graph structure of the gradient 
form and the Laplacian operator. Though our assumption on graphs is slightly stronger than 
that of Bauer, Horn, Lin, Lippner, Mangoubi, and Yau (J. Differential Geom. 99 (2015) 359- 
405), our estimate can be easily applied to nonlinear differential equations, as well as differential 
inequalities. As applications, we estimate the greatest lower bound of Cheng’s eigenvalue and 
an upper bound of the minimal heat kernel, which is recently studied by Bauer, Hua and Yau 
(Preprint, 2015) by the Li-Yau estimate. Moreover, generalizing an earlier result of Lin and Yau 
(Math. Res. Lett. 17 (2010) 343-356), we derive a lower bound of nonzero eigenvalues by our 
gradient estimate. 
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1. Introduction 

Let G - (V, E) be a hnite or locally hnite graph, where V denotes the vertex set and E denotes 
the edge set. For any edge xy e E,we assume its weight Wxy > 0. The degree of x e V is dehned 
as deg(x) = Xy~x '^xy, here and throughout this paper we write y ~ xif xy e E. Let yu : V —» R 
be a hnite measure. Then the yU-Laplacian (or Laplacian for short) on G is dehned as 



The associated gradient form reads 



Write r(/) = r(/,/). Denote 



xeV, xyeE ^xy 


( 1 ) 
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The main result in this paper is the following gradient estimate. 

Theorem 1. Let G — {V, E) be a finite or locally finite graph. Suppose that 


Df^ < +O 0 , d < + 00 , (2) 

where and d are defined as in ([7}. Then for any positive function m : V —> M, there holds 

V^Z),+ V^. (3) 

u u 

Several special cases are listed below: 

(i) If u is a positive solution to the differential inequality Au — qu <0 on V, where q : V ^ M. is 
a function, then there holds 


^flTiuj 


'Jdq < y/dD/j + sfO^. 


(ii) If u is a positive solution to the differential inequality Au — hu° < 0, where a e R, and 
h : V ^ M. is a function, then there holds 


sJ2Yiu) 


y/dhu^’-^ < y/dD^ + 


(Hi) Ifu is a positive solution to the differential inequality Au — dfU < qu, where q' : V X R ^ K 
is a function, then there holds 

:/E^.s/d^.s/dq< V^. 

u u 

(iv) If u is a positive solution to the differential inequality Au — dtU + aw log m < 0, where a e R 
is a constant, then there holds 

- V^— - yfda log u < yfdDn + V^- 

U U A- 1 A* 

Remark 2. For the corresponding partial differential equations on complete Riemannian man¬ 
ifolds, (i) — (iv) were extensively studied, see for examples iB m US 13 Ei IB IB/ and the 
references there in. 

At least two points can be seen from Theorem [1] One is that (O is a global estimate; The 
other is that (O can be easily applied to nonlinear elliptic or parabolic equations, as well as 
differential inequalities. We now analyze the assumption (l2]i, whch is equivalent to 


supfKyly ~ x) <+ 00 , 0 < inf -< sup -<+oo, 

xev x£V,y~x Wjcy x£V,y~x Wjcy 


(4) 


where |l{y|y ~ x} stands for the number of y 6 V which is adjacent to x. In fact, suppose (l2]i 
holds. Then fi {y|y ~ x] < Dud and 7 ^ < — < d for any y ~ x. Hence (|4]i holds. Conversely, if 
(HJl holds, we have 


deg(x) _ Z 
p(x) 


y~x 


p(x) 


tflyly ~ x] 

inf ' 

tntx£V,y~x — 






















Then (|2ll follows immediately. If we replace (|2|l by (|4|l in Theorem [T] then the gradient estimate 
(O would be 


V 2 rw 

u 


u 


N 

— + 

a 



(5) 


where N = sup^g^, |l{y|y ~ x}, a ^ inf;cev,y~;c 
assumption of IH] is 

Df^ < + 00 , Dh, 


fl(x) 


^ and = sup,,^,^y^, 


= sup 


deg(x) 

Wxy 


< + 00 . 


Note that the essential 

( 6 ) 


It is easy to see that (|6]l is slightly weaker than All gradient estimates in l^l are about ^/u, 
where u is a positive solution to a parabolic equation on V. Note that for any positive function u 


2 r( 


1 

nix) 


Wxy ( V^Cy) - Vm(x)) 

y~x 


< 


< 


< 



^j2Y{u){x). 


(7) 


If M : V X [0, +oo) ^ R is a positive solution to the parabolic equation Am - 5,m - qu - 0 on 
V X [0, +oo), we conclude an analog of (l^l, Theorem 4.10) by combining (|7]) with Theorem[Tl 


r(VJ7) 


yju 


lD,d^ < 


Dfii -yjDfjd + 1 ) 


As an application of Case (Hi) of Theorem[T] we state the following Harnack inequality. 

Theorem 3. Let G — iV,E) be a finite or locally finite graph satisfying 0. Moreover pmax — 
sup^gyju(x) < +O 0 and Wmin — inijc^v,y~xWxy > 0. Assume u : V x (—oo,+oo) 'M. is a positive 

solution to the heat inequality Am — dtU < qu, where q : V X (—oo, +(X)) R. is a function. Then 
for any (x,Ti) and (y, Tf), T\ < T 2 , we have 


u(x,Ti) < u(y,T 2 )exp\ 


D„+ 


(Ti - Ti) + 


(dist(x, y)) / dp 


+ mm 


k=0 


T 2 -T 1 

4+1 




qixk, t)dt + 


(T 2 - Ti)2 


J 

Jtk 


(t - tk) iqixk+\, t) - qixk, t))dt] 


where the minimum takes over all shortest paths x — xq,xi, - ■■ ,xe — y connecting x and y, and 
tk - T\ + k{T 2 — T\)ll, k — Q,\, - ■ ■ In particular, if there exists some constant Cq such that 
\q(x, t)\ < Co for all (x, t), then for any x,y &V and Ty < T 2 , there holds 


u(x, Ty) < u(y, 7’2)exp 


Dfi + 



iT2-Ty) + 


(dist(x,y))^ 

T 2 -T 1 



( 8 ) 
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In a recent work of F. Bauer, B. Hua and S. T. Yau ||2l, the Li-Yau inequality on graphs, 
which is due to F. Bauer, P. Horn, Y Lin, G. Lipper, D. Mangoubi and S. T. YaujB [, is applied to 
Liouville type theorems and eigenvalue estimates. Moreover a DGG lemma QS SI concerning 
the minimal heat kernel is established on graphs, and it is used together with the Li-Yau inequality 
to estimate the upper bound of the minimal heat kernel. Our gradient estimate can be used instead 
of the Li-Yau estimate in Using Theoremll] we can estimate the greatest lower bound of the 
^^-spectrum known as Cheng’s eigenvalue jdl] . 

Theorem 4. Let G = (V, E) be a locally finite graph satisfying (0 and A* be the greatest lower 
bound of the {^-spectrum of the graph Laplacian A. Then we have A* < D/j + -yfD^I V^. 

While Theorem[2can be used to get an analog of ((Ql, Theorem 1.2). 

Theorems. LetG — (V, E) be a finite or locally finite graph satisfying Moreover < -too 
and Wmin > 0. Let A* be the greatest lower bound of the (^-spectrum of the graph Laplacian A. 
Given any e > 0, 0 < y < f > 0. Let Pi(x,y) be the minimum heat kernel of G. Then there 
exist positive constants Ci(j3,y, Df) and C2(e,/3, y, £>^,<i,/imax.vrniin) such that for any x,y e V 
and t > max{/3d(x,y), 1), 


Pt(x,y) < 


exp(-(l -y)A*t) 
^Wol(BA Vf))Vol(B,( Vf)) 


exp 


C2"^t — Cl 


(dist(x,y))^ ) 
4(1 -H2e)f J ■ 


Finally we remark that Theorem 1 can also be used to estimate a lower bound of nonzero 
eigenvalues of the Laplacian on hnite connected graphs. Precisely we have an analog of (Q, 
Theorem 1.8), namely 

Theorem 6. Let G — (V, E) be a finite connected graph, and d be defined as in (0, and D 
be its diameter. Moreover we assume Wj^j — Wyxfor ally ~ x and all x E V. Suppose that A is a 
nonzero eigenvalue of—A. Then there holds 


M|exp|l + Ddl^D^ + ^j| - ij 

Remark 7. Ifp(x) — deg(x) = have = 1, and whence m becomes 


1 

A > -. 

Dd[&xp^\ + Dd{\ + a/^)}- l) 

We refer the reader to B,%for earlier estimates in terms of the volume of the graph G. 

Let us describe the method. The proof of Theorem[T]is based on the positivity of the average 
of u, i.e. ^ WrvM(v), and its relation with Am. To prove Theorem [3j we follow J^l and 
thereby closely follow lf5 . While the proof of Theorems|4]|5]and|^is adapted from ||2l and Q 
respectively. 

The remaining part of this paper is organized as follows. In Section 2, we prove the gradient 
estimate, Theorem[T] In Section 3, we prove the corresponding Harnack inequality, Theorem|3] 
Finally Theorems |4]|5] and |6] are proved in Section 4. 
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2. Gradient estimate 


In this section, we prove Theorem[T]by using a very simple method. 


Proof of Theorem\J] Special cases (i) - (iv) are immediate consequences of Q. Hence it 
suffices to prove Q. Since m > 0, we have by definition of T(u), 


2r(u)(x) = ^ w^yiuiy) - u(x)f 


^ y^x r \ y 


= Z 


pjx) I W;cy ^ 
Wxy \m(x) 


u(y) + u (x) 


2 ,deg(.r) 


p{x) 


< d 


y —u(y) 

^.p{x) 


Noting that 


• D„u^{x). 


degW 


X 1 ^ xy ^ 

> , -rrMCy) = ^u(x) + u(x)- 

P(x) p(x) 

and using an elementary inequality Va^ + < a + b,Va,b > 0, we get 

< yfdY^^u(y)+ ^^u(x) 


y-^x 


- Vd ^Au(x) + u(x)—+ sJd^u(x) 
< VdAu(x) + ( ^|I^ + 

This leads to (O and thus ends the proof of the theorem. 


□ 


3. Harnack inequality 

In this section, following the lines of HQ, we prove a Harnack inequality for positive so¬ 
lution to the parabolic inequality Am - 5,m < qu by using (Hi) of Theorem[T] 


Proof of Theorem\^ Let m be a positive solution to the inequality Am - 5,m < qu. By (Hi) of 
Theorem[T] we have 

1 V2r(Io 


- dt log u<Dfi + 


'Jd 


+ q- 


M 


( 10 ) 


We distinguish two cases to proceed. 


Case 1. X ~ y. 
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For any i e [Fi, 7’2], we have by (fTOl l that 
log u{x, rO-log u(y,T 2 ) 


, u{x,Ti) u{x,s) , u{y,s) 

log —-- + log —-- + log ■ 


u{x, s) 


X 


u(y, s) 


u(y, T2) 


u(x, 5') 

Of log m(x, t)dt + log- 

T, u(y, s) 


nTi 

i ' 


Dfi + 


yfd 


dt log u(y, f)dt 

Ti 


1 

'/d 
+ log 


x: 


rs pi 2 

{T 2 -T\)+ I q{x,t)dt+ I q(y,t)dt 

dT\ *Js 

^J2^(u)(x,t) ^J2r(u)(y,t) 


T, u(x, t) 
u{x, s) 


X 


-dt 

u(y, t) j 


u(y, s) 

We estimate the above terms respectively. Obviously 

V2r(M)(.r, t) 


X 


u(x, t) 


dt > 0. 


Since 


2r(M)(y, t) = y WyMiz, t) - u(y, t)f 


-(u(x, t) - u(y, t)) , 


we get 


-- r 

s/d Js 


y/2nu)(y,t) 
u(y, t) 


dt < — 


Wmii, 




r 


u(x, t) 


u(y, t) 


- 1 


dt. 


Using an elementary inequality log r < Vk - 1|, Vr > 0, we have 

u(x,s) 

log —r ^ iy{x,y, s). 


u(y, s) 


where 


t//{x,y, s) 


u{x, s) 


u(y, s) 


Inserting (fT^ . (fT3l l. (fT4l i into (fTTI) . and using (li, Lemma 5.3), we obtain 

\ogu(x,Ti) - logu(y,T2) < 



( 11 ) 


( 12 ) 


(13) 


(14) 


X 


■Ti 

q(x, t)dt H- 

r, {Ti 

6 


^ ^ .2 f (f - T’l f(^(y, 0 - ^(x, t))dt. 
- T\) Jti 










































Case 2. x is not adjacent to y. 


Assume dist(x,y) = €. Take a shortest path x - xo,xi, - ■■ ,xt - y. Let Ti = fo < L < ■ ■ ■ < 
k - T 2 , tk - tk-i + (T 2 - k - 1, • • • By the result of Case 1, we have 


-I 


logM(x, Ti)-\ogu(y,T 2 ) = '^{logu(xk,tk) - iogu(xk+i,tk+i)) 

1 




Du 

D„+ 


k=0 

+ 

k=0 

/ 


k=0 

{tk+1 - tk) + 




4+1 - tk y w, 


2 ( 1 "' 


q(xk, t)dt + 


(4+1 


1 

- 4 )^ Jtt 


it - tk) iq{xk+u t) - q(xk, t))dt 


Du+ A 




(T2-T,) + 


dfln 


i_ I / />! 

A :=0 '^‘ 1 = 


• 4+1 £2 

q{xk, t)dt + 


T2-T1 V Wmi 
'4+1 


nh 

Jtk 


Therefore we conclude 

logM(x, rO-logMO;, 7’2) < 


iT2 - Ti)2 X 


Dfj + 


{t - tk) iqixk+i, t) - qixk, t))dt\. 


(T2 - Ti) 


(dist(x, y)) / d^ 


(T 2 - Ti) V vv, 


+ min ^iq)(x,y, Tu T 2 ), 


where 


^iq)ix,y, TuT 2 ) 


t-i / 

m 


■^4+1 


q(xk, t)dt + 


(72-T 


p4+i 


(t - tk) (q(xk+u t) - q(xk, t))dt 


and the minimum takes over all shortest paths connecting x and y. Hence the first assertion of 
the theorem follows immediately. 

Moreover, if \qix, t)\ < Cq for all (x, t), then we have 

q{xk,t)dt < Co(T 2 - Ti) 

and 

XtT- 77-3 I (t-tk) (q(xk+i,t)-q(xk,t))dt<——(72-7 1 ). 

U - Tx)^ Jr, 3 

This gives the desired result and the proof of the theorem is completed. □ 



4. Further applications of the gradient estimate 

In this section, as applications of Theorem[Tl we prove Theorems |4]|5] and |6] For the proof 
of Theorems |4] and |5] we follow the lines of ||2l, the essential difference is that we use Theorem 
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[Uinstead of the Li-Yau estimate 13] ■ While the proof of Theorem |6] is an adaptation of ifisll . For 
reader’s convenience, we give the details here. 


Proof of Theorem^ Let A* be the greatest lower bound of Cheng’s eigenvalues. By a result 
of S. Haeseler and M. Keller (fl, Theorem 3.1), if d < A*, then there would be a positive solution 
M to Am = -Au. We conclude from Case (i) of Theorem[T]that 

+ Vrfd < + v^. 

Hence A< D^+ ^D^ld. Since A is arbitrary, we obtain A* < 0^+ ^D^jd. □ 


To prove Theorem|5j we need the following DGG lemma on graphs (|@], Theorem 1.1). 

Lemma 8. Let Pt{x,y) be the minimal heat kernel of the graph G — (V, E). Then for any f > 0 
and 0 < y < 1, there exists a constant Ci depending only on /?, y and such that for any subsets 
Bi,B 2 c G, t > max{y6dist(Z?i, B 2 ), 1), 

2 2 P,{x,y)p{x)p{y) < VVol(Bi)Vol(B 2 ) exp(-Ci ] . 

xeB^ yeB2 ' ' 

Proof of Theorem]^ Fix x,y e V, 5 > 0,T\ - t and ^2 = (1 + 5)t. Applying the Harnack 
inequality, Theorem[3j to the minimal heat kernel Pf x, y), 


Pr(x,y) < P(iys),(x',y)exp< 
< P(^i+s),(x',y)expi 


Dfj + 


Dfj + 


(dist( 2 c, x'))^ I dp, 


6t + 


6t 


6t + 


1 dp„ 


6 \ w„ 


, Vx' 6 BA sft). 


Integrating the above inequality on BA Vf) with respect to x', we have 
Vol(B^( sft))p,(x,y) < exp 


^~d 


i,P- I 


6 y w„ 


I. 


^ p(x')P(iyMx',y)- (15) 

x'eBp At) 


Note that h(y, s) = Tjceb (At)B^^'^^'i(x',y) is also a positive solution to the heat equation. Ap¬ 
plying again the Harnack inequality, Theorem[3] to h(y, s) with Ti = (1 -H d)f and r 2 = (1 H- 26)t, 
we have 


Vol(B,(Vf))%,(l+d)f) < exp 
This together with (fTsT i implies that 


Dfi + 


D„ 


6 t + 


1 y p(y')h(y'Al+26)t). 

V VVniin 


6 y w, 


v'eByi A) 


P,{x,y) < expy 


D„+ X ^ 





6 y Wn 
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- r - y! y Bix')p(y')P(i+2S)t(x',y'). 


































Let t > max{y6dist(;ii:,y), 1). Obviously t > max{j0dist(Z?^( Vf), By( V?)), 1). Let y, 0 < y < 
1, be fixed. It follows from Lemma|8]that there exists a constant Ci depending only on y, (3 and 
Df^ such that 


Pt{x, y) < exp 12 


D„+ 


2 

St — 
6 


dfin 


w, 




expf-(l -y)d*(l +2fi)f-Ci 


Vol(B,(Vf))Vol(B,(Vf)) 

(dist(B^( Vf), Byi I 

4(1 +2fi)f I ■ 


(16) 


If dist(x,y) > 2yft, then dist(Z?x( Vf), By{ yft)) > dist(x,y) -2^ft and thus 

[dist{BA^t),By{^^t)f ^ (dist(x,y))2 1 
4(1 +25)f “ 4(1 +4fi)f ~ 2fi' 


(17) 


It is easy to see that (fTTl) still holds if dist(x, y) < 2 Vf- Inserting (fTTl l into (fTbl) . we have 


Pt{x,y) < 


^Vol(B,(Vf))Vol(B,( Vf)) 


exp-{2 


Da 

Du + X ^ 


5t+- 


2 /c/jUn 


6 y w„ 


£i 

26 


exp<^-(l-y)4*(l +25)f-C] 


(dist(x, y)Y 


4(1 +4(5)f 

Note that f > 1. Choosing 2fi = e/ Vf in (fTST l. we obtain for f > max{jSdist(.r,y), 1), 
Ptix,y) < ^ = exp i 


(18) 


^Vol(B,( Vf))Vol(B,( Vf)) i 

(dist(.r, y))^ 


V7 


D, 


Dae+ xM-e+- 


4 / tZ/Zmax P -1 


exp<-(l -y)4 f- Cl 


4(1 +2e)f 


Denoting C 2 — D^e + V^e+ - + —, we finish the proof of the theorem. 

^ \ a ^ \ l^min ^ 


□ 


Proof of Theorem^ Note that AuzZ/z = 0 and that if -Am = Au, then -A(cu) - Acu for any 
constant c e K. We can assume -Am = Au with sup m = 1 and inf m < 0. Take x\,xt e G such 
that m(xi) = sup M = 1, u(x„) = inf m < 0, .ri.r 2 • • • X( be the shortest path connecting xi and xe, 
where (xi, xi+i) 6 E. Then ( < D. For any /? > 1, note that 


\u{xi) - m ( x ,+ i )| ^ 

P - u{Xi) 

< 


P - u(Xi) 

V2r(M)(^,) 

P - u(Xi) 


(19) 
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Since (3 - u> 0 and u < 1, we have by using Theorem[T] 




ji- u 


/3-u 


'Jd 

'Jd 

yfd 



This together with (fT9l l implies 


Z 


\u(Xi) - u(Xi+l)\ 

^ - u{xi) 


< Dd 


13-1 


-A + Dll + a/ — 


On the other hand. 


Z 


\u{Xi) - u(Xi+l)\ 

^ /3- u(xi) 




\u(Xi) - u(Xi+l)\ \ 
p - u{Xi) j 


V'' 1 P ~ ^ 


1=1 


P-u{Xi+i) 
P - u(Xi) 


= log 
> log 


P - ujxt) 

p-u(xi) 

p 

p-l 


Combining (l20l l and (ISTT l. we have 


A>{p-\) 


^log^ 

Dd ^p-l 


-D„- 


Choose p such that ^ log ^ — D^- We obtain 


A > 


Mlexpil + ^jl - 1 


( 20 ) 


( 21 ) 


This completes the proof of the theorem. □ 
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